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Abstract 

We show how, in the presence of quantum noises generated by non-commuting Lindblad oper- 
ators, a maximally entangled Bell state may suffer entanglement sudden death (ESD). Similarly, 
ESD may occur when a Bell state is under the action of a quantum operation generated by a 
Hamiltonian in the presence of a quantum noise, provided that the Hamiltonian does not commute 
with the corresponding Lindblad operator. Practically this means noisy quantum operations could 
cause ESD during the encoding process in quantum communication protocols like special dense 
coding {S). Next, we show how in the presence of quantum noises which cause ESD, a Bell state 
may lose its capacity for S before ESD occurs. Finally, we show that a Bell state may indeed fail 
to yield information transfer better than classically possible when the encoding operations of S are 
noisy, even though entanglement is not totally destroyed in the process. 
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I. INTRODUCTION 

Quantum communication [l| promises means of information transfer that are classically 
impossible. For instance, superdense coding, first proposed by Bennett and Wiesner [2], 
allows Alice to send Bob two bits of classical information by the physical transfer of a single 
encoded qubit employing prior maximal entanglement associated with a Bell state Xo- At 
the heart of such quantum superiority is quantum coherence of both the systems where 
information resides, and the operations that process information. However, real systems 
and processors can never be perfectly isolated from the surrounding world. Environmental 
influences always result in loss of coherence, or decoherence jsl. In order to formulate 
effective strategies to address these issues in quantum communication, it is imperative to 
have a complete understanding of the effects of decoherence on protocols such as superdense 
coding. 

A step in this direction was taken by Bose, et al. {4] and Bowen fs], who considered 
the case where the initial pairs of qubits being used for superdense coding are in a non- 
maximally entangled mixed state x- particular, Bowen derived the classical information 
capacity of superdense coding, through a noiseless channel, using arbitrary mixed states of 
two qubits. If Alice and Bob share pairs of qubits in the state Xab, and Alice is restricted 
to using unitary operators and sending her message as a product state of letters, then the 
classical information capacity of superdense coding is given by 5| 

C[xab] = 1 + S[xb]-S[xab], (1) 

where xb = ^t^a{xab) and S[p] = — tr[plog2p] denotes the von Neumann entropy of the 
state p. This is attainable using special dense coding S, where Alice encodes a message 
by applying to her qubits unitary transformations from the set {o"o, cr2, 0"3} of the two- 
dimensional identity and three Pauli operators, with equal a priori probabilities of 1/4. The 
Pauli operators satisfy the commutation relations [(Tm,o"„] = 2ieimnO'i- 

In Refs.j4, 5], presumably the non-maximally entangled mixed state x is a result of 
transmission noise, described by T. For instance, Alice could have prepared pairs of qubits 
in a maximally entangled Bell state Xo at time t = and send one qubit from each pair to 
Bob via a noisy quantum channel. If it takes time to for the qubit to reach Bob, we have 
X = T(xo)io)- However, it is supposed that Alice sends her encoded qubits to Bob via a 
noiseless channel. Furthermore, it is assumed that Alice's encoding operations are perfect 



unitary ones. The aim of these work is to study in what way the capacity to do superdense 
coding depend on the degree of entanglement of x- To this end these assumptions may 
be justifiable, but they certainly do not hold in reality. As a matter of fact, one of us 
has recently shown how noisy quantum operations could totally destroy entanglement in 
a finite time ^j. This work is inspired by that of Yu and Eberly [7,], where it has been 
shown that even under ideally weak phase and amplitude noise the entanglement associated 
with a generic class of entangled states goes abruptly to zero in a finite time and remains 

n 

zero thereafter. This phenomenon, called "entanglement sudden death" (ESD) [7], has 



recently been confirmed experimentally [8|, |9|]. It is shown, in Ref. p], that transmission 
noise together with noisy quantum operations may render an initially maximally entangled 
Bell state useless for standard teleportation [10], even though the channel state shared 
between Alice and Bob was entangled before Alice's Bell measurement. This is thus obviously 
different from ESD. In the light of these developments, it is worthwhile to analyze how other 
quantum communication protocols, like superdense coding, are affected by environmental 
effects during transmission, decoding, encoding, etc. We focus on special dense coding S in 
this paper. 

Our paper is organized as follows. In Section II, we provide a detailed study of environ- 
mental effects on entanglement. Firstly, we show how in the presence of quantum noises 
generated by non-commuting Lindblad operators, the entanglement associated with a max- 
imally entangled Bell state may suffer sudden death. Then, we show that ESD may also 
occur when a Bell state is under the action of a quantum operation generated by a Hamilto- 
nian in the presence of a quantum noise, provided that the Hamiltonian does not commute 
with the corresponding Lindblad operator. In Section III, a sketch of realistic special dense 
coding together with a brief review of Holevo function is given. These set the stage for the 
presentation of our further results in Section IV. Firstly, we show how when environmental 
influences during transmission alone are capable of causing ESD, they may result in a Bell 
state losing its capacity for S before ESD occurs. Next, we show that Alice's noisy encoding 
operations alone could also yield an equally devastating impact on S. These results are in 
contrast to those for standard teleportation ^, and clearly justify our investigation. We 
conclude in Section V. 
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II. NONCOMMUTING NOISES, NOISY QUANTUM OPERATIONS, AND ESD 



Under the assumption that the environment is Markovian, the state p of an open system 
evolves according to a quantum master equation 



d 

dtp 



k 



(2) 



Here, we set % = 1. H is the system's Hamiltonian. 7fc's describe environmental coupling 
strengths. L^s are the Lindblad operators. They are the generators of noise. Alone, 
they purely cause states to lose their quantumness. In the following, we consider a pair 
of qubits initially in the maximally entangled state Xo = I^bou) (^BouI' where |^I/Beii) — 
(|00) + \U))/V2. We analyze the effects of noise and noisy operations on the entanglement 
of Xo- For a two-qubit system AB, it is well-known that a necessary and sufficient condition 
for separability is that a matrix, obtained by partial transposition of its density operator, 
has non-negative eigenvalue(s) [11,]. As a measure of the amount of entanglement associated 
with a given two-qubit state pab, we employ the negativity [12 1 



Af[pAB] = max jo, -2 ^ A„| , 
where A„ is a negative eigenvalue of p^-^, the partial transposition of pab- 



(3) 



Phase noise 



To set the stage, we begin with the situation where one of the particles, originally in the 
state Xo, is subject to a phase noise described by L03 = ctq ® cts (or L30 = 0-3 ® ctq)- Solving 
the master equation. 



d 
di 



P = 73[(cro ® O-3)p(o-0 ® O-3) - p] . 



we find at time t = to > 0: 



1 





e-2T3*o ^ 





e-273to 



(4) 



It follows that Af[Z{xo, to)] = e ^'t^*". Under the infiuence of a phase noise, the entanglement 
of Xo decays smoothly and asymptotically exponentially to zero. It does not reach zero in a 



finite time. In an interesting paper [13[, Huang and Zhu showed that to observe ESD under 
dephasing, an entangled two-qubit density operator should have nonzero diagonal elements. 
We show below how this insight throws light on ESD discussed in Refs. jol, 



B. Bit-flip and phase noise 



Now, if one of the particles is instead subject to a bit-flip noise described by Lqi = (To®o"i 
[or Lio = (Ti® ctq)) then solving 

d 



dt 



P = 7i[(cro ® o-i)p((To ® (Ti) - p]. 



we have 



1 + e-27ito 
1 











g-27iio ^ _ g-27iio 







1 - e-2^i*o 1 



-271*0 



1 + e-2->i*o 





V 



(5) 



which has nonzero diagonal elements. Clearly, A/'[A'(xo) ^o)] = 6^^"^^*°. So, under the influ- 
ence of a bit-flip noise, the entanglement of xo decays smoothly and asymptotically expo- 
nentially to zero, in exactly the same manner as when it is under the influence of a phase 
noise. This can be understood from the facts that |0) and |1) are eigenvectors of a^, and 
that I^E'bcu) can also be similarly expressed in terms of the eigenvectors |±) = (|0) ± |l))/v^ 
of (Ji: 

Kell) = ^(l+)l+) + |-)|-))- 

Therefore, to the state xo, a bit-flip noise is like a phase noise. 

Such freedom is lost in the presence of both bit-flip and phase noise. Consequently, we 
find a dramatically different effect when we subject xo simultaneously to Lqi and L03. The 
resulting state 

/ 



X2:{xo,to 



1 + 6-2-^1*0 






e-2T3*o(i + e-27itoj 

l_e-27ito e-273to(i _ e-27ito) g 

£-273*0 _ g-271 to ^ _ g-27ito g 



^£-273*0(^1 + £-271 to) 











1 + e-2Ti*o 
(6) 
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can be obtained by solving 



= 7i[((To ® o-i)p(o"o ® CTi) - p] + Tsllo'o ® cr3)p(o-o ® 0-3) - p]- 



Assuming for simplicity, ■jk = 1 from here on, XZ{xo,to) has negativity [ij] 



Ar[A'Z(xo,to)] =max|o,l[(l + e-2^*«)2-2]}. (7) 

The entanglement suffers sudden death in a finite time Td = -ln(v^- l)/{2-f). 

We highlight that lying at the root of ESD here is the noncommutativity of ai and a^. 

[as, (Ji] = 2i(T2. 

Consequently, the noise generated byai causes zero diagonal elements like those in Eq.Q 
to become nonzero and hence ESD [l3|. This is supported by the fact that L02 = ctq ® a2 
with Lo3 gives exactly the same result, Eq.([7]). We call noises that are generated by non- 
commuting operators non-commuting. Lastly, we note that the depolarizing noise l|, which 
is generated by ai, (72, and a^, may thus cause ESD. In fact, subjecting one of the particles 
in xo to a depolarizing noise yields a state with negativity given by max{0, (Se""^"^*" — l)/2}. 
ESD occurs at = In 3/(47). Non-commuting Pauli noises therefore cause ESD in xo- 

Equations (jl]), ([5]) and ([6]) could describe the physical situation where Alice prepares, at 
time t = 0, the state Xo ^i-nd sends one of the particles down a noisy channel T to Bob to 
establish at to the shared entangled state x- We call to the transmission time and say the 
mixed state x = '^(Xo;^o) results from transmission noise. 



C. Amplitude and phase noise 

In Ref. the combined effect of amplitude and phase noise on a generic class of entangled 
states was studied. Here, we wish to point out how the commutation relations for generators 
of amplitude and Pauli noise could account for ESD in xo- Firstly, we recall that the 
amplitude noise is described by the Lindblad operator 

a. = ^{ai+za2). (8) 

Solving 

= 7[((Jo ® o--)p((To ® cr^y - ^((To ® o-_)^((To ® cr-)p - ^p(cro ® CX_)^((To ® CT-)], 

6 



l3{xo,to) 



v 



(9) 



we obtain 

^10 e-^*°/2 

1 

l-e-T*o 

e -7*0/2 Q Q g-7t0 

with Af[B{xo,to)] = e"'*'*". We note that, in contrast to X and Z, cr_ ® ctq acting on xo 
produces a different state 

/ 1 e-^*o/2 ^ 

l-e-T*o 


e-7to/2 e-T*o 

with j\/'[^(xo, ^o)] = 6"'''*°. This asymmetry will lead to some comphcation that we will 
encounter later on. 

Secondly, recall that (T_ satisfies the commutation relations [ct_, cti] = a^, [(T_, (T2] = io's, 
and [(Ts, = 2a_. It follows from the above analysis that if we subject Xo simultaneously 
to both Lqi and Lq^, where Loa = ctq (8) C-, then we should observe ESD. This is indeed the 
case. Solving 

d 



A{XQ,tQ) 



\ 



I 



(10) 



dt 



P = 7[(t^0 ® cri)p(cro ® en) - P] + 

7[(cro <S) cr_)p{aQ (g) (7_)'^ - ^(ctq (8) cr_)'''((7o <8) cr_)p - ^p((7o (8) o--)^((Jo (8) cr_)]. 



we obtain 

2 + e-3T*o 3e-3T*°/2 cosh 7^0^ 

1 l-e-3T*o 3e-^T*o/2sinh7io 

36-3^*0/2 sinh7to 2(1-6-=^^*°) 

3g-37to/2 cosh 7^0 l + 2e-3T*o 

(11) 

which has negativity 



y 



J 



N[BX{xo, to)] = max |o, ^ 36"^^*° + V2e-^^*°/'^^8 + 9cosh(27io) + cosh(37io) - 3 | 



(12) 



The entanglement becomes zero in a finite time ~ 0.747282/7, which is a solution of 



8 cosh 37^ - 9 cosh 27^ -17 = 0. 



Lo2 with Loa gives exactly the same result, Eq. (fT2|) . But, for xo, -^03 and Loa do not result 
in ESD despite the fact that they do not commute. They produce a state with negativity 

(1 — e^'^*)]/2. This is consistent with the result in 13| . 



given by - e-T*)^ + 4e-5T* 
since L03 and Loa acting on xo do not produce a state with nonzero diagonal elements. 
So, non-commutativity between the Lindblad generators is a necessary but not sufficient 
condition for xo to suffer ESD. However, in realistic superdense coding, we will encounter 
the following state 

/ 1 , /I ,-7*0)2 Q 

e-7*o(i - e~^*« 




AZ{BZ{xo,to),to) = - 



1 + (1 - e- 










V 



-57*0 







e-7*o(i _e- 




-7*0' 



g-57*o 






-27*0 



(13) 

which suffers ESD. Its negativity is given by max{0, e~'''*° (e~'''*° + e~^'''*° "~ 1)} and becomes 
zero at that can be obtained from a solution of 

e-7* + e-47* _ 1 = 0. 



We have ^ 0.644569/7. 



D. Single-qubit rotations in the presence of phase noise 

Single-qubit rotations are essential to quantum information processing. Here, we consider 
Hamiltonians given by Hm = which generates an anticlockwise coherent rotation 

of a qubit about the m-axis at the rate ujq. Hm describes rather generically the dynamics of 
two-level systems. For example, it could describe an electron spin in an external magnetic 
field, or it could describe a two- level atom in a light field. From the above insights we expect, 
for instance, Xo to suffer ESD when it is under the action of Hiq or H2Q in the presence of 
noise generated by L30. Here, Hmo = Hm ® ctq. To show that this is indeed the case, we 
solve 

—p = -i[K^o, p] + llicTs ® o-o)p(c^3 ® o-q) - p] 
L30 together with different Hmo's, produce different noisy single-qubit rotations TZ^^- We 
find the entanglement of 7li'\xoit) goes to zero in a finite time r^, which is a solution of 

e-27* + - 72 cos2 cut- 1 = 0. (14) 

(jj 
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Wo 


10-2 


10-1 


10° 


IQi 


102 


10=^ 


Td(7 = 0.1) 


27.2453 


12.4897 


8.82654 


8.81375 


8.81374 


8.81374 


rd(7 = 0.2) 


16.3894 


8.05990 


4.47185 


4.40687 


4.40687 


4.40687 



TABLE I: Td's of 7^f ^ (xo, t) for different o^o's, when 7 = 0.1 or 7 = 0.2. For a fixed ujq, increases 
with increasing 7. 

Here, u = \Juoq — 7^. We observe that for a fixed 7, interestingly Td decreases with increasing 
loq. And, in the hmit of large uoq, rd ~ — ln(\/2 — l)/7. This is intriguing since it is intuitive 
to reduce the impact of noise by increasing ujq so as to reduce the time taken to complete 
a desired rotation. TABLE I shows the dependence of Td, for 7?.i^^(xo,0, on uq. We obtain 
exactly the same conclusions with 7^-2'^ (xo, but not with TZ^\xa^i)- The negativity of 
TZ^l\xo-,t) is given by e"2')'*^ independent of Uq. This is because in this case the Lindblad 
generator of phase noise commutes with the Hamiltonian. Non-commutativity between 
generators of noises or unitary rotation and noise is necessary for ESD to occur. This is 
further illustrated in the following examples. 



E. Single-qubit rotations in the presence of amplitude noise 

Consider 7^i"^(xo,^), which is obtained by solving 

= -i[H^Q, p] + 7[(a_ (g) (Tq)p{(t_ ® Gq)'^ - 

^((T_ (8) ao)\a_ ® ao)p - <8) o-o)^((t_ (Tq)], 

with Xo as the initial state. In contrast to the above subsection, we are not able to obtain 
a closed expression for the negativity of TZi^\xo,t)- Numerical results show that Td's for 
Tli^\xoi't) behave similarly to those for TZ^\xo,t). Namely, we observe that for a fixed 7, 
Td decreases with increasing coq. And, in the limit of large coq, it becomes a constant that 
decreases with increasing 7. TABLE II shows the dependence of Td, for lZ^i\xo-,t), on uoq. 
We remark that while 7^2"'*(X0) ^) yields exactly the same results, the negativity of 7^3"'*(xo5 1) 
is given by e~^*, again independent of a;o. This is consistent with the conclusions at the end 
of subsection C. 

In summary, noisy quantum operations that result from non-commuting Hamiltonian 
and Lindblad operator could have an equally devastating effect on the entanglement of Xo 
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10-2 


10-1 


10° 


IQi 


102 


10^ 


Tdil = 0.1) 


93.2803 


29.1270 


16.9282 


16.7860 


16.7847 


16.7847 


rd(7 = 0.2) 


60.0374 


21.3006 


8.70814 


8.39552 


8.39239 


8.35235 



TABLE II: rj's of 7^p(xo,^) for different wq's, wlien 7 = 0.1 and 7 = 0.2. 

as non- commuting noises. The consequence of these results in S will be discussed after we 
briefly review realistic special dense coding in the following section. 



III. SUPERDENSE CODING 



A. Holevo function 



Suppose Alice communicates some classical information with Bob using "alphabet" states 
xi,X2,X3, ■ ■ ■ with probabilities pi,p2,P3, ■ ■ ■ respectively. The average number of bits of clas- 
sical information Alice can convey to Bob per transmission of an alphabet state is bounded 



from above by the Holevo function 



15| 



H[x]=S[x]-Y.p.,S[x,l (15) 

i 

where x = J^iPi^i- This bound can be achieved in the limit of an infinite ensemble by 
appropriate block coding at Alice's end and appropriate measurements at Bob's end |l6| . 



B. Realistic special dense coding 

Throughout Section IV, we suppose Alice prepares pairs of qubits in the state xo at time 
t = 0. She then sends one of each pair of qubits via a noisy channel T, which reaches Bob 
in time to. In realistic special dense coding, Alice and Bob therefore initially share pairs of 
entangled qubits in some mixed state x = '^{Xoyto)- During this process, we assume Alice's 
other qubit is well shielded from environmental influences. After x has been established, 
Alice generates the following four letter states with equal probability: 

tto = (o-Q ® Cro)x(cro ® CTq), 
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where rj indicates the type of environmental noise affecting the transmissions and encoding 



operations [17|]. We assume Bob's qubits are well isolated throughout Alice's noisy encoding. 
For ttO) the qubits are perfectly isolated since no operations need to be performed on Alice's 
qubit. The environment will only affect Alice's qubit during a nontrivial quantum operation. 
Lastly, Alice sends her encoded qubits to Bob, which for simplicity we suppose is done via 
the same noisy channel T in time to- By so doing, Alice is essentially commnicating with 
Bob using the alphabet states 

xo = T(ao,to), 

Xm = T{am,to) (16) 

as separate letters. The number of bits she can communicate with Bob using this procedure 
is thus bounded by the Holevo function, 

H^'^\x] = S[x]-\j:S[x^], (17) 

where x = l/4X)m=o^m- stress that only when a qubit is being manipulated (rotated 
or transmitted), then it will be affected by the environment. Otherwise, the qubits are as- 
sumed to be perfectly isolated. In addition, we have assumed that Bob's joint measurements 
necessary to decode Alice's message are perfect and do not result in further loss in infor- 
mation to the environment. Ideally, Alice and Bob will initially share pairs of qubits in the 
maximally entangled state Xo? = {<^m ® cro)Xo(o"m ® ctq), and S[xm] = 0. Also, x = 1/4/ 
with / the four-dimensional identity. In this case, it follows that H\x] = 2. This is the ideal 
classical information capacity of superdense coding In the following section, we present 
our analysis of the impact of non-commuting noises and noisy encoding operations on S. 



IV. ENVIRONMENTAL EFFECTS ON SPECIAL DENSE CODING 

For clarity we consider noisy transmission and noisy encoding separately, before discussing 
the cases where both transmission and encoding are noisy. In subsections A and B, Alice's 
encoding operations are ideal and unitary, but the qubits are sent via noisy Pauli channels. 
We find that when environmental influences are capable of causing ESD in xo, they may 
result in xo losing its capacity to do dense coding before ESD. From the results in Section 
II we know that noisy Pauli rotations could also lead to ESD in xo- These operations are 
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basic to S. We show, in subsection C, that Ahce's noisy encoding operations alone could 
indeed result in an equally devastating impact on S. These results are in contrast to those 
for standard teleportation [6j, and the implications will be briefly discussed in subsection B. 



A. Phase noise 



Alice establishes the shared entangled state x with Bob via a dephasing channel, i.e., 
T = Z and x = ^(Xo? ^o)- It follows that 

xo = 2:(((To ® (Xo)x(o-o (g) o-o),to), 

Xm = 2(((Tm ® 0-o)x(a.m ® 0-o),io)- (18) 

Note that since L03 and L30 give the same Z{xo, to), namely Eq.(jl]), we have xq = Z{xo, 2to) 
and Xm = [pm ® cro)^(XO) 2to)(o"m ® o"o)- This is mathematically equivalent to the situation 
considered by Bose, et al. 4] and Bowen (5|. Consequently, the classical information capacity 
of dense coding is given by Eq.([l]), 

C[Z{xo, 2to)] = 2 + i(l - e-^^*«) log2[^(l - e"^^*")] + ^(1 + e"^^*") log2[^(l + e"^^*")]. (19) 

C[Z{xo,'2to)] decays smoothly and asymptotically exponentially to the limiting "classical" 
value of 1. So, provided Alices's encoding operations are perfect, every bit of entanglement 
associated with Z{xo, 2to) will yield "nonclassical" classical information capacity, albeit one 
that decreases with increasing to- Lastly, we note that C[X{xo^'2to)] = C[Z{xo^'2to)]- 



B. Bit flip and phase noise 

If the noisy quantum channel is a combination of bit-flip and phase noise, i.e., T = XZ 
and X = ^2:{xo,to), then 

Xo = XZ{{ao® ao)x{cro® cro),to), 

Xm = XZ{{am'S)cro)xi(Tm'S)cro),to). (20) 

Again, since Lqi, Lq^ and Liq, L30 give the same XZ{xo,to), namely EqJHl we have Xq = 
XZ{xo, 2to) and Xm = {cTm ® aQ)XZ{xo, 2to) (c^m ® ao), and 

C[XZixo,2to)] = 2 + ^(l-e-«^*o)lo&[^(l-e-«^*°)] 
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+ \{l + e-"<''f\og,[\{l + e-'^'^)]. (21) 

In contrast to X{xoi'^'^o) ^^nd ^(XO)2/f:o); there exists a critical total transmission time t^. 
beyond which we will fail to have superdense coding, depends on 7 and is given by 
Tc 0.124266/7. This is roughly a factor of four times smaller than r^. The state XZ{xf)i Tc) 
thus fails to be useful for superdense dense coding way before its entanglement becomes zero. 
The nonzero entanglement of XZ{xgi'Tc) does not enable S to yield "nonclassical" classical 
information capacity. By analogy with ESD, we could call this sudden death of special dense 
coding. This is clearly different from ESD as the entanglement associated with the state 
XZ{xgi'Tc) is not totally destroyed. 

Intriguingly, XZ{xoi'^) only fails to yield non-classical teleportation fidelity at exactly 
the moment when its entanglement suffers a sudden death 6|. That is, every single bit 
of entanglement associated with XZixoi^) is useful for teleportation. Although there is no 
doubt entanglement is a necessary resource for both superdense coding and teleportation, 
this example shows that different quantum protocols could depend more or less critically 
on some possibly different features of multipartite quantum systems. These could perhaps 
be aspects of multipartite quantum systems not explored before. We shall not pursue this 
issue further here. Instead, we note that if the noisy quantum channel is a combination of 
amplitude and phase noise, then x = B^{Xo,to) and 

Xo = ^Z((cro ® cro)x((To (g) cro),to), 

Xm = AZ{{am'S)cro)xi(Jm®(^o),'to). (22) 

For this case, we determine Eq.f ll7p . This is due to the asymmetry, which we pointed 

out earlier in Eqs.Q and ffTOl) . Consequently, this case does not reduce formally to that 
considered by Bose, et al. [4] and Bowen [5]. To claim that what we have calculated is 
the classical information capacity may require further work beyond the scope of this paper. 
However, we wish to highlight that in the limit 7 — >■ or to we do have H^"-^[x] 2. 
Furthermore, the critical total transmission time Tc beyond which H^^-^lx] falls below 1 is 
given by Tc ~ 0.172879/7, which is again roughly a factor of four times smaller than the 
corresponding tj_. Our numerical studies thus give similar results and hence conclusions 
as above. We believe that the non-commutativity between generators of the transmission 
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noises is responsible for both ESD and sudden death of S here. This is further supported 
by the examples below. 

C. Single-qubit rotations in the presence of noise 

Let us now suppose the transmission is noiseless and Alice shares xo with Bob, while 
Alice's encoding operations are corrupted by phase noise. We thus have 

Xo = Xo, 

Xm = nt\xo). (23) 

Like Eq. (!22l) . this is clearly different from the situation considered by Bose, et al. and 
Bowen. However, since we are interested in the impact of Alice's noisy encoding on 5, we 
calculate 

H^'M=S[x]--j:S[x^]. (24) 

^ m=l 

Again, we observe that H^^^x] — > 2 as 7 — 0, independent of ujq. It is straightforward 
to show that H^^'^[x\ = H^^p^x] = H^p^[x], which is in general a very complicated function 
of 7, uJo, and encoding time t. Figure 1 shows H^p^[x] as a function of encoding time t 
when 7 = 1/10 and coq = 1. The first maximum H^l^[x] is approximately 1.23928 and 

2.0 r 



1.5 - 




2 + e S 10 12 14 

FIG. 1: versus encoding time t for 7 = 1/10 and ujq = 1. 
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FIG. 3: H^^^[x] versus encoding time t for 7 = 1/5 and ujq = 1. 

is achieved at time Tj^^ roughly equal to 2.75085. Subsequent maxima fall below 1, the 
"classical" limit. Figure 2 shows the case when 7 = 1/10 but t^o = 1/2. Now, even the 
first maximum falls below 1. Indeed, there exists a critical coq, denoted by ci;^p)[xo]5 that 
is approximately 0.56 below which the first maximum will fall below 1. This maximum 
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is attained at t^^^-'[xo] ~ 4.68027. A smaller uq means a longer duration for the encoding 
to be completed. And, in the presence of noise, this means a further degradation of the 
information transfer. For a larger 7, we will have to demand a higher critical ct;^P^[xo]- This 
is demonstrated in Figures 3 and 4 where 7 = 1/5, and c^o = 1 and 2 respectively. 

We emphasize what is intriguing is that at the critical time rjf^ [xo] the entanglement of 
the state shared between Alice and Bob is nonzero (see TABLE I). Therefore, in the presence 
of noise there is a constraint on the rate at which Alice's operations have to be executed in 
order for S to yield "nonclassical" classical information transfer. The existence of a critical 
u;^^^[Xo] means Alice's operations have to be completed in a finite time Tj^''[xo]- We have 
thus shown that even in the absence of transmission noise (i.e., noisy encoding alone) there 
is a finite lifetime beyond which S will fail to attain an information transfer better than 
classically possible. Like Eq.( |2T]) . this is in contrast to the results for standard teleportation 
in Ref.p. So, non-commuting Hamiltonians and Lindblad operators do have a bearing on 
the information transfer of S. If Alice's encoding operations are affected by amplitude noise 
instead, then we have Xq = Xo and Xm = T^mKxo)- Similar numerical results are obtained 
and will not be presented here. 
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FIG. 4: H^P^[x] versus encoding time t for 7 = 1/5 and ujq = 2. 
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D. Noisy encoding and transmission 

If in addition there is transmission noise T, Alice and Bob will share the mixed state 
X = T{xo-, to), which has less entanglement to begin before Alice's noisy encoding operations. 
The Holevo function H^'^^x] is a very complicated function of 7, ujq, to, and encoding time 
t. We expect from the above results that for a fixed 7 and to there will be a critical 
below which S will fail to achieve "nonclassical" classical information transfer. Furthermore, 
depending on 7 and to, this critical uq must be correspondingly higher than that above. 
Our numerical results indicate that this is indeed the case. It is certainly more technically 
challenging in realistic situations. 

V. CONCLUSIONS 

A thorough understanding of all possible environmental effects, especially on quantum 
communication and computation, is obviously vital. We would then be able to formulate 
effective strategies to overcome the challenges due to these detrimental effects. In this paper, 
we have shown how besides non-commuting Lindblad operators, a Hamiltonian together with 
a non-commuting Lindblad operator produces a noisy quantum operation that could totally 
destroy the entanglement of a Bell state in a finite time. More importantly, we have shown 
that when two quantum noises are capable of causing ESD in a Bell state, the resulting state 
becomes useless for S before ESD occurs. We have also shown that when Alice's encoding 
operations are noisy a Bell state may fail to yield information transfer better than classically 
possible. This can be accounted for by the fact that these operations could cause ESD in a 
Bell state. These results are clearly in contrast to those in Ref. jol. We hope our finding will 
stimulate more complete and realistic studies on quantum information protocols under the 
influence of noise. 
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